Abstract. We conjecture:
Folklore. If a Diophantine equation has only finitely many solutions then those solutions are small in 'height' when compared to the parameters of the equation. This folklore is, however, only widely believed because of the large amount of experimental evidence which now exists to support it.
Below is the excerpt from page 3 of the preprint [14] :
Note that if a Diophantine equation is solvable, then we can prove it, since we will eventually find a solution by searching through the countably many possibilities (but we do not know beforehand how far we have to search). So the really hard problem is to prove that there are no solutions when this is the case. A similar problem arises when there are finitely many solutions and we want to find them all. In this situation one expects the solutions to be fairly small. So usually it is not so hard to find all solutions; what is difficult is to show that there are no others.
Therefore, mathematicians are intuitively persuaded that solutions are small when there are finitely many of them. Hence, we conjecture that there is a reason which is common to all the equations. Such a reason might be the following Conjectures 1 and 2 whose consequences we shall present. Conjecture 1. If a system S ⊆ E n has only finitely many solutions in integers x 1 , . . . , x n , then each such solution (x 1 , . . . , x n ) satisfies |x 1 |, . . . , |x n | ≤ 2 2 n−1 .
Conjecture 2. If a system S ⊆ E n has only finitely many solutions in non-negative integers x 1 , . . . , x n , then each such solution (x 1 , . . . , x n ) satisfies |x 1 |, . . . , |x n | ≤ 2 2 n−1 .
For n > 1, the bound 2 2 n−1 cannot be decreased because the system               
. . x n−1 · x n−1 = x n has precisely two integer solutions, (0, . . . , 0) and (2, 4, 16, 256 , . . . , 2 2 n−2 , 2 2 n−1 ).
Conjectures 1 and 2 are false with any computable bound, if some old Matiyasevich's conjecture is true, see Section 2.
Lemma 1 (Lagrange's four-square theorem). Each non-negative integer is a sum of four squares of integers, see [11, p. 215, Theorem 6.4] . Proof. If a system S ⊆ E n has only finitely many solutions in non-negative integers x 1 , . . . , x n , then the following system
has 11n variables and at most finitely many solutions in integers
The last follows from Lemma 1.
To each system S ⊆ E n we assign the system S defined by (S \ {x i = 1 : i ∈ {1, . . . , n}}) ∪ {x i · x j = x j : i, j ∈ {1, . . . , n} and the equation x i = 1 belongs to S} In other words, in order to obtain S we remove from S each equation x i = 1 and replace it by the following n equations:
By Lemma 2, Conjecture 1 can be equivalently stated thus:
The following statement
is simpler and stronger than Conjecture 1. Analogical statement seems to be true for N, N \ {0}, Q, R and C, see [15, p. 528 For many Diophantine equations we know that the number of integer (rational) solutions is finite (by applying e.g. Faltings' theorem). Faltings' theorem tell us that certain curves have finitely many rational points, but no known proof gives any bound on the sizes of the numerators and denominators of the coordinates of those points, see [7, p. 722] . In all such cases Conjecture 1 will allow us to compute such a bound. Here we consider the degrees of W (x 1 , . . . , x p ) and D(x 1 , . . . , x p ) with respect to the variable x i . It is easy to check that
To each polynomial that belongs to T \ {x 1 , . . . , x p } we assign a new variable x i with i ∈ {p + 1, . . . , card(T )}. Then, D(x 1 , . . . , x p ) = x q for some q ∈ {1, . . . , card(T )}. Let H denote the family of all equations of the form
which are polynomial identities in Z[x 1 , . . . , x p ]. If some variable x m is assigned to a polynomial W (x 1 , . . . , x p ) ∈ T , then for each ring K extending Z the system H implies W (x 1 , . . . , x p ) = x m . This observation proves the following Lemma 3.
Lemma 3.
The system H ∪ {x q + x q = x q } is algorithmically determinable. For each ring K extending Z, the equation D(x 1 , . . . , x p ) = 0 is equivalent to the system H ∪ {x q + x q = x q } ⊆ E card(T ) . Formally, this equivalence can be written as
For each ring K extending Z, the equation D(x 1 , . . . , x p ) = 0 has only finitely many solutions in K if and only if the system H ∪ {x q + x q = x q } has only finitely many solutions in K . 
Proof. It follows from ( * ) and Lemma 3.
Unfortunately, it is undecidable whether a Diophantine equation has infinitely or finitely many solutions in positive integers, see [5] . The same is true when we consider integer solutions or non-negative integer solutions. Moreover, the set of Diophantine equations which have at most finitely many solutions in non-negative integers is not recursively enumerable, see [13, p. 240 ].
Assuming Conjecture 1, if a Diophantine equation has only finitely many integer solutions, then these solutions can be algorithmically found by applying Theorem 2. Of course, only theoretically, because for interesting Diophantine equations the bound 2 2 n−1 is too high for the method of exhaustive search. Usually, but not always. The equation , so
is equivalent to
Therefore, −2 < x 1 ≤ 2 64 5 < 7132, so the equivalent equation 4x
2 can be solved by a computer. Proof. By applying Lemma 3, we can write the equation as an equivalent system S ⊆ E n , here n and S are algorithmically determinable. We substitute
Lemma 5. For any integers
with m ∈ {1, . . . , n}. By Lemmas 1, 4, 5, the enlarged system has at most finitely many integer solutions and is equivalent to the original one. Next, we construct a single Diophantine equation equivalent to the enlarged system S. For this equation we apply Theorem 2.
By Lemma 1,
If the equation D(x 1 , . . . , x p ) = 0 has only finitely many solutions in non-negative integers, then the equation
has only finitely many solutions in integers
. . , x p ) = 0 has only finitely many solutions in non-negative integers, then by applying Theorem 2 to the equation
we can compute an upper bound for those solutions.
The following algorithm works for all polynomials shows that the set of Diophantine equations which have infinitely many integer solutions is recursively enumerable.
Finite-fold Diophantine representations
Davis-Putnam-Robinson-Matiyasevich theorem states that every recursively enumerable set M ⊆ Z n (N n ) has a Diophantine representation, that is (a 1 , . . . , a n ) ∈ M ⇐⇒ ∃x 1 ∈ Z (N) . . . ∃x m ∈ Z (N) W (a 1 , . . . , a n , x 1 , . . . , x m ) = 0 for some polynomial W with integer coefficients. Such a representation is said to be finite-fold if for any integers (naturals) a 1 , . . . , a n the equation  W (a 1 , . . . , a n , x 1 , . . . , x m ) = 0 has at most finitely many integer Proof. By the first assumption and Lemma 3, there exists a positive integer m such that in the integer domain the formula x 1 = f (x 2 ) is equivalent to ∃x 3 . . . ∃x m+2 Φ(x 1 , x 2 , x 3 , . . . , x m+2 ), where Φ(x 1 , x 2 , x 3 , . . . , x m+2 ) is a conjunction of formulae of the form x i = 1, x i +x j = x k , x i · x j = x k , and for each integers x 1 , x 2 at most finitely many integer m-tuples (x 3 , . . . , x m+2 ) satisfy Φ(x 1 , x 2 , x 3 , . . . , x m+2 ). For each integer n we find the integers x 3 (n), . . . , x m+2 (n) which satisfy Φ(f (n), n, x 3 (n), . . . , x m+2 (n)). If n ≥ 1, then by applying Conjecture 1 to the system
. . . y 1 + y |n|−2 = y |n|−1 y 1 + y |n|−1 = x 2 all equations which occur in Φ(x 1 , x 2 , x 3 , . . . , x m+2 ) we conclude that |f (n)| ≤ 2 2 |n|+m . If n ≤ 0, then by applying Conjecture 1 to the system
. . . y 1 + y |n|+1 = y |n| y 1 + x 2 = y |n|+1 all equations which occur in Φ(x 1 , x 2 , x 3 , . . . , x m+2 ) we conclude that |f (n)| ≤ 2 2 |n|+m+2 .
We strengthen the obtained inequalities. In the reasoning for n ≥ 1, we started from 1 and attained a positive integer n in n steps by adding 1 n − 1 times. Let [ ] denote the integer part function. Starting from 1, we can attain a positive integer n using at most 2[log 2 (n)] additions, i.e. 2[log 2 (n)] + 1 steps. It follows from the binary representation of n. In other words, we can define n by a system of equations of the form t i = 1, t i +t j = t k , and it requires at most 2[log 2 (n)] + 1 variables. For example, we attain the number 31 as follows More generally, by applying Conjecture 1 to analogous systems, we conclude that
By applying Conjecture 1 to the system x 2 + x 2 = x 2 all equations which occur in Φ( x 1 , x 2 , x 3 , . . . , x m+2 ) we conclude that |f (0)| ≤ 2 2 m+1 .
If we reformulate Conjecture 1 by introducing a bound ψ(n) instead of 2 2 n−1 , then Conjecture 1 guarantees that there exists a positive integer m such that
Thus, any computable bound in Conjecture 1 remains in contradiction to Matiyasevich's conjecture stated for recursively enumerable subsets of Z n instead of N n .
For a system S ⊆ E n , let b(S) denote the smallest non-negative integer such that
If an appropriate b(S) does not exist, then we put b(S) = 0. Since there are only finitely many systems S ⊆ E n , the following function ψ
is well-defined and Conjecture 1 holds true with the bound ψ(n). The last implies that the sentence (⋄) is unconditionally true.
Theorem 5. If the set {(u, 2 u ) : u ∈ N \ {0}} ⊆ Z 2 has a finite-fold Diophantine representation, then Conjecture 1 fails for sufficiently large values of n.
Proof. Let the sequence {a n } be defined inductively by a 1 = 2, a n+1 = 2 a n . By the assumption and Lemma 3, there exists a positive integer m such that in the integer domain the formula x 1 ≥ 1 ∧ x 2 = 2 x 1 is equivalent to ∃x 3 . . . ∃x m+2 Φ(x 1 , x 2 , x 3 , . . . , x m+2 ), where Φ(x 1 , x 2 , x 3 , . . . , x m+2 ) is a conjunction of formulae of the form x i = 1, x i + x j = x k , x i · x j = x k , and for each integers x 1 , x 2 at most finitely many integer m-tuples (x 3 , . . . , x m+2 ) satisfy Φ (x 1 , x 2 , x 3 , . . . , x m+2 ) . Therefore, for each integer n ≥ 2, the following quantifier-free formula x 2 , y (2,1) , . . . , y (2,m) ) ∧ Φ (x 2 , x 3 , y (3,1) , . . . , y (3,m) y (n−1,1) , . . . , y (n−1,m) ) ∧ Φ(x n−1 , x n , y (n,1) , . . . , y (n,m) ) has n + m · (n − 1) variables and its corresponding system of equations has at most finitely many integer solutions. In the integer domain, this system implies that x i = a i for each i ∈ {1, . . . , n}. Each sufficiently large integer n satisfies a n > 2 2 n+m·(n−1)−1 . Hence, for each such n Conjecture 1 fails.
Similarly, if the set {(u, 2 u ) : u ∈ N \ {0}} ⊆ N 2 has a finite-fold Diophantine representation, then Conjecture 2 fails for sufficiently large values of n. Another proof of this follows from the contradiction between Theorem 2 stated for solutions in N and the conclusion of the following Matiyasevich's theorem ([6, pp. 341-342], [9, p. 42]): if the relation y = 2
x defined on N has a finite-fold Diophantine representation, then for Diophantine equations with finitely many solutions in N, these solutions cannot be bounded by a computable function.
If we assume Conjecture 2 with a computable bound instead of 2 2 n−1 , then Theorem 2 stated for solutions in N remains valid with another computable bound. By Matiyasevich's theorem presented in the previous paragraph, this conclusion remains in contradiction to the hypothetical existence of a finite-fold Diophantine representation for the relation y = 2 x defined on N.
By Theorem 1, also Conjecture 1 remains in contradiction to Matiyasevich's conjecture. The same is true for Conjecture 1 stated for a computable bound instead of 2 2 n−1 .
Subsystems of E n and their solutions in Z, Q and R
The material of this section is related to the main conjecture of [17] : if a system S ⊆ E n is consistent over R (C), then S has a real (complex) solution which consists of numbers whose absolute values belong to [0, 2 2 n−2 ]. Proof. Let us consider the following system over Z. This system consists of two subsystems.
Since x 1 = 1 and x 12 = x 11 · x 11 , the subsystem marked with (⋄) is equivalent to . If Z is definable in Q by an existential formula, then for some positive integer q there is a system S ⊆ E q such that S has infinitely many rational solutions and S has no rational solution in [−2 2
Proof. If Z is definable in Q by an existential formula, then Z is definable in Q by a Diophantine formula. Let
. . , x m )) where Φ(x 1 , x 2 , . . . , x m ) is a conjunction of formulae of the form x i = 1,
, where i, j, k ∈ {1, . . . , m}. We find an integer n with 2 n ≥ m + 11. Considering all equations over Q, we can equivalently write down the system
(1)
(2)
as a conjunction of formulae of the form
where i, j, k ∈ {1, . . . , n + m + 11}. The equations entering into this conjunction form some system S ⊆ E n+m+11 . We prove that q = n + m + 11 and S have the desired property. By Lemma 7, the system S has infinitely many rational solutions. Assume that (x 1 , . . . , x n+m+11 ) ∈ Q n+m+11 solves S. Formula (1) implies that x 1 ∈ Z. By this and equation (2), x m+2 ∈ Z. Equation (3) implies that x 1 = 0, so by Lemma 8
, cf. [3] ). If n ≥ 10, then 1156 · 2 n−10 > 2 n and there exists a system S n ⊆ E n which has precisely 1156 · 2 n−10 solutions in integers x 1 , . . . , x n .
Proof. The system S 10 consists of two subsystems.
The equations of Subsystem 1 imply that x 6 = 2 16 . Hence, the whole system has precisely (17 + 17) · (17 + 17) = 1156 solutions in integers x 1 , . . . , x 10 . For n > 10, we enlarge the system S 10 by adding the equations x i · x i = x i with i ∈ {11, . . . , n}. The enlarged system has precisely 1156 · 2 n−10 solutions in integers x 1 , . . . , x n .
For an integer n, let bit(n) denote the number of bits in the binary representation of |n|. As previously, by [n] we denote the integer part of n.
. . , X n ] be a polynomial of degree d, and suppose that the coefficients of Q in Z have bit-sizes at most τ . Then, every bounded semi-algebraically connected component of {(x 1 , . . . , x n ) ∈ R n : Q(x 1 , . . . , x n ) = 0} is contained inside a ball, centered at the origin, of radius
where
In particular, all isolated points of {(x 1 , . . . , x n ) ∈ R n : Q(x 1 , . . . , x n ) = 0} are contained inside the same ball. Proof. By Lemma 2 stated for R instead of Z, the polynomial equation
has degree 4, the same non-zero real solutions as S, and its coefficients belong to Z ∩ [−18n 2 , 18n 2 ]. The last follows from observations 1-6 below. 
